A mean-field nonlinear equation for the mean-square displacement, recently proposed by one of the present authors ͓M. Tokuyama, Phys. Rev. E 62, R5915 ͑2000͒; Physica A 289, 57 ͑2001͔͒, for concentrated, equilibrium suspensions of hard spheres is extended to describe equilibrium atomic systems of hard spheres. The validity of two types of mean-field equations is investigated by two kinds of computer simulations; a Brownian-dynamics simulation on suspensions of hard spheres and a molecular-dynamics simulation on atomic systems of hard spheres. A good agreement between the mean-field equations and simulations is then shown for different volume fractions. The two types of model systems of hard spheres are thus shown to be identical to each other on the study of the liquid-solid transition. However, analyses suggest that a new interaction is indispensable to understand the mechanism for the liquid-glass transition in both systems.
There has been considerable interest in the dynamics of colloidal suspensions of hard spheres since the discovery of the colloidal glass transition ͓1-3͔. However, our understanding of the mechanism for the glass transition in colloidal systems as well as in atomic systems is still incomplete. In this Brief Report, we propose two types of mean-field equations, the first type for colloidal suspensions of hard spheres and the second type for atomic systems of hard spheres. Then, we investigate their validity by performing two kinds of computer simulations, a Brownian-dynamics ͑BD͒ simulation on the suspensions and a moleculardynamics ͑MD͒ simulation on the atomic systems. Thus, we show that the mean-field results are in good agreement with simulation results for different volume fractions. Hence, we expect that both the equations could be useful tools to describe the dynamical behavior of hard spheres near the glass transition.
Recently, Tokuyama ͓4,5͔ has proposed the following nonlinear equation for the particle mean-square displacement M 2 (t), to describe the equilibrium suspensions of colloidal hard spheres near the colloidal glass transition:
, ͑2͒
where is the particle volume fraction of hard spheres, d the spatial dimensionality, and D S S () the short-time selfdiffusion coefficient given by Eq. ͑11͒ of Ref. where is a viscosity of the fluid. We note here that the singular term in Eq. ͑2͒ results from the many-body correlation effects due to the long-range hydrodynamic interactions between spheres, and factor 9/32 indicates the coupling effects between the direct interactions and the short-range hydrodynamic interactions ͓6,7͔. Equation ͑1͒ can be solved to give a formal solution
͑3͒
where t ␤ ϭ1/(2dD S L ) denotes the ␤-relaxation time, around which the many-body interactions between particles becomes important, and t C ϭ1/(2dD S S ) is the short time for a colloid to diffuse over a distance of order
. This solution suggests three different time scales; t C , t ␤ , and a long time t L (ϭa 2 /D S L ), where t C Ӷt ␤ Ӷt L and a is the average particle radius. In fact, one can find the following asymptotic forms:
Thus, Eq. ͑1͒ describes the dynamics of a crossover from the short-time self-diffusion process characterized by D S S to the long-time self-diffusion process characterized by D S L . Equation ͑3͒ has been used to analyze the recent experimental data for equilibrium colloidal suspensions near the colloidal glass transition and has been shown to describe those data very well for a wide range of volume fractions from a liquid state to a glass state by adjusting ͑see Fig. 1͒ 
where D S L is the long-time self-diffusion coefficient for atomic systems to be determined. Here v 0 ϭͱdk B T/m denotes the average velocity of an atom, where T and m are the temperature and the average particle mass, respectively. In Eq. ͑6͒, the short-time self-diffusion coefficient D S S is replaced by term (v 0 2 /d)t. This is reasonable because in atomic systems the short-time process is governed by the ballistic motion, leading to M 2 (t)Ӎ(v 0 t) 2 , while in suspensions it is governed by the short-time diffusion process. Equation ͑6͒ can be solved to give
where
) is the short time for an atom to move over a distance of order
. Similar to the colloidal suspensions, there are three different time scales t A , t ␤ , and t L , where t A Ӷt ␤ Ӷt L . In fact, one can find the following asymptotic forms:
Thus, Eq. ͑6͒ describes the dynamics of a crossover from the ballistic motion characterized by v 0 to the long-time selfdiffusion process characterized by D S L . In order to test the two types of mean-field equations given by Eqs. ͑1͒ and ͑6͒, we perform two kinds of computer simulations, BD and MD. In both simulations we consider N different hard spheres with radius a i and mass m i (iϭ1, . . . ,N) in a cubic box of length L at a constant temperature T, where N is chosen to be 10 976 here. We also simulate two cases separately, a monodisperse case where spheres are all identical, that is, a i ϭa and m i ϭm, and a polydisperse case where the distribution of radii obeys a Gaussian distribution with standard deviation divided by a, and mass m i proportional to a i 3 . The volume fraction is then given by ϭ(4a 3 N/3L 3 )(1ϩ3 2 ). In the suspensions, the spheres are suspended in an equilibrium fluid. For simplicity, however, we neglect the hydrodynamic interactions between spheres, leading to D S S ϭD 0 . Hence there are two interactions, the direct interactions between spheres leading to binary collisions, and the interactions between spheres and fluid particles leading to a Brownian motion. On a time scale of order t D , the position vector X i (t) of ith sphere then obeys the Langevin-like equation
where F i j indicates the force between spheres i and j, and ␥ i (ϭ6a i ) is the friction coefficient. We assume elastic binary collisions between particles. Here R i (t) is the reduced Gaussian random force with zero mean, and satisfies
, where the brackets denote the average over an equilibrium ensemble and D 0i ϭk B T/␥ i . We then employ the forward Euler difference scheme to integrate Eq. ͑9͒ with time step 10 Ϫ3 t D under periodic boundary and appropriate initial conditions. On the other hand, in the atomic systems, the spheres obey the Newton equations with forces F i j (t). We then solve them under periodic boundary and appropriate initial conditions, together with the momentum and the energy conservation laws. In BD, space is scaled with the particle average radius a, time is scaled with the structural relaxation time given by t D ϭa 2 /D 0 , and diffusion coefficients D S S and D S L are scaled by D 0 . In MD, space is scaled with the particle average radius a, time is scaled with time a/v 0 , and the diffusion coefficient D S L is scaled by d 0 (ϭav 0 ). The mean-square displacement M 2 (t) is given by
͑10͒
In both simulations, we start from a random configuration obtained by using the Jodrey-Tory algorithm ͓9͔ and wait for a long enough time to reach a final state where the meansquare displacement grows linearly in time and the radial distribution function does not change. Then, we use this final state as an initial state and repeat the same simulation procedures to obtain the numerical results in an equilibrium liquid state. Thus, the mean-square displacements obtained by both simulations are compared with the mean-field results given by Eqs. ͑3͒ and ͑7͒ which are calculated by using the simulation data for scaled diffusion coefficients and by adjusting to fit with the simulation results.
Depending on the values of the volume fraction, there are three phase regions; a fluid region for 0ϽϽ f (), a metastable region for f ()рϽ m (), and a crystal region for m ()р, where f () and m () are the so-called freezing and melting volume fractions, respectively. Our simulations show that f (0.0)Ӎ0.51, f (0.06)Ӎ0.53, m (0.0)Ӎ0.54, and m (0.06)Ӎ0.57. We note here that this kind of a first-order fluid-solid transition and the existence of a metastable branch in the hard-sphere systems are the same as those discussed already by a number of computer simulations ͓10-17͔ since the pioneering work of Alder and Wainwright ͓18͔. Both in an equilibrium fluid state and in a metastable fluid state, the long- (2dt), where pϭA for the atomic systems, pϭC for the suspensions, d A ϭd 0 , and d C ϭD 0 . In Fig. 2 
Both coefficients show the same singular behavior as that of Eq. ͑2͒, except that the singular point g TO is now replaced by c . This is because the long-time behavior is considered not to depend on the details of interactions ͓19͔, where the singular terms of Eqs. ͑11͒ and ͑12͒ result from the long-time correlations due to the many-body collision interactions, while the singular term of Eq. ͑2͒ results from the long-time correlations due to the long-range hydrodynamic interactions. We note here that the diffusion coefficients for a polydisperse case are slightly larger than those for a monodisperse case at higher volume fractions.
In Fig. 3 we show a log-log plot of M 2 (t) in the suspensions, together with the mean-field results obtained by Eq. ͑3͒, for different volume fractions. In Fig. 4 we also show a log-log plot of M 2 (t) in the atomic systems, together with the mean-field results obtained by Eq. ͑7͒, for different volume fractions. In both cases, parameter () is obtained by fitting the theoretical values given by Eqs. ͑3͒ and ͑7͒ to the simulation results and is found to be approximated by the same equation as Eq. ͑5͒, except that the singular point is now replaced by c . In any fluid state, the mean-field results are thus shown to agree with the simulation results well. It is also shown that the long-time behavior of the equilibrium physical quantities, in both the hard-sphere systems, such as the mean-square displacement, the diffusion coefficient, and the radial distribution function, is exactly identical to each other, although their short-time behavior is different. In this paper we have tested the validity of two types of mean-field equations through comparison with two kinds of computer simulations. One is the mean-field equation ͑1͒ for colloidal suspensions tested by BD and the other is the mean-field equation ͑6͒ for atomic systems tested by MD.
We have performed those simulations for different volume fractions in two cases, a monodisperse case and a polydisperse case. Thus, we have shown that the mean-field results agree with the simulation results very well, where the free parameter obeys the same equation as Eq. ͑5͒, except that g TO is now replaced by c . Since Eq. ͑1͒ has been successfully used to analyze the recent experiments near the glass transition ͓5͔, therefore, Eq. ͑6͒ may also be expected to be a useful tool to analyze the experiments in glass-forming materials near the glass transition. Finally, we should refer to model systems to study the liquid-glass transition. If the short-time hydrodynamic interactions are considered selfconsistent, the colloidal suspensions of hard spheres can serve as valuable models for the study of the atomic systems of hard spheres on the liquid-solid transition ͓see Eq. ͑11͔͒. Both simulations show that there exists a liquid-solid transition but not a liquid-glass transition even for a polydisperse case. Hence both systems may still lack an important interaction to understand the mechanism for the liquid-glass transition. In the suspensions, it is considered to be a long-time hydrodynamic interaction between particles as discussed in Refs. ͓6,7͔. In the atomic systems a new interaction is also considered to be indispensable to undergo the glass transition. This will be discussed elsewhere.
